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� ;U�j'.�����[���,5A0A51!,��)o0A2 @ 5A!&V"�U2/�j0A5A�+=.�4L �49q��!&�#? 8 ? ��5A)&� �RJ��*51!,51)o����� **V"�/��V\�H),51�r���
@ 51!,V�� ��2/��! 032�,Q����0A01�>032 015-**��� ��� @ 51!,V��e�,)H2 @ ��),!&�-0:9T24�,���/!,'�J�K�),�U!,2/��!c),�"���"�*��?�H),��) 0A�U!,��)&6O2/���e�,�")&),�"!#�H)&�/h.;>���RJ��/5A!,5l�c2/0A�/),![!,�/51� ��� @ 5A!&�") ���C�*=�
&���c=�)&5A01032/����O!,�/0A�"510DL�V\�H�*510A� �\L�!&�*51� ��� @ 51!,��)-�����j),V
**5A�/� @ 5A������� �"51�"0Dh _`� @ 51!,VI��9q��� �*=�?
&���r=�),510A0324�Q�"L�0:9T2/=�!,�*)&'��H51�*�m�*� 0A2I��5 2k��!,5A�/�C��� !,53**�Y2/0 !&�*032/51),�U�*��!&�,�"0A0A2/5A)&�>0A�
0A�*�#*r���G0A2r0A53**���p��� @ 5A!&V"��67�/��),��5l� ����! ),����!,��5-**���"�I�"���H! !&��) 0:9T24�,���/'�J�K")&�/h/;>�'Y2/),01�e2/0A�/),!G���U�,�"�RJ���53,Q���e��9 ��'�'#

��� � �����	� � �f5-**��),� � h � 2 � h N�5 01�>�W2/'��H�"��) @ 51!,�/L2/�j015A� =(�/L*�����r)&V;**51�*� @ 51���c�����"51�"0:L�0A� !,53**�Y2/0Y)&�"�"���"5A010A5Y��!&�o�"�"01��5 �*=��,�"�Q��'Y2/)
� � � ���#���	� ����*�2 � 24�,���*!&'�J�V�),5-,Q����� �f5-*/��),� � h � = �\h

8 G



������� � h ) � ] 5A!#�H)&5A=����,5A�*�P��� ���"��!&51�HVe����! *�2 � 24�H�I�*!&'�J�V")&5-,Q����!
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� ����� � h � � ]r532.V"),�����H�"!c�"�/� � **��),24�H51�*��![��� @ 5A!&V"� ���e!,�*���Y2�**� 24�,���*!&'�J�V�),5-,Q���

8�.



� + � �W2/'��H�"��)U'.����� 2/� �"�*���,)H2/51),� �\�H),�$��5A),53**V @ �")&! 0A2j!,��)&6O2/��� �H�")&),��!&�H)&�/h bc����"�*��� **��),24�H51�*�B�"�*��),2/�I�����Q�S���H5A015A!&V"�P�"!#��240A�*)&!$�"�"010A�P��� !,�*���Y2�**� @ ��)&�,5A�W240� �f53**��)&� � h � � � hY_`�m�RJ��*5A!&5A!&!H2/���c�����U)&V;**51�*�P���m!,'(�"�\�H),�e�Y24��! 032�,Q����0A0A�r5A0.��9 0
2+'Y2/!o��� 67��� ���,),�U24�,���/!,'�J�V�),53, ���/L �Y2/��!G���"!G),2/5A��!���9q2/=�!&�*),'��,5A�*� H-V"�I5A!&!,5A�/�
5A���H����!,��!M��� 0D9q24�H�I�*!,'�J�K")&�/L/01�[!,53**�Y2/0�)&�"�����"510A0A5 �"!#�o2/0A�*)&! 0A�[!&5-**��2/0���9FV"�I5A!&!,5A�/�
�HJ���),�I5-,Q���U���e0:9T24�,���/!,'�J�K�),�4h

� _`� �RJ��*51!,5A!&!H2/���>2/� �"�/�Q�,)H2/51),� ����� 67�"� �\�H),� 24�H�I�*!,'�J�V")&5-,Q���+��2/��! 01�-!&'.�����,),�!,�*0A2/5A)&��),V �YV"�RJ�5DLM'Y2/)S��������'�01����2/��!I0A� @ 5A!&5A=�01�/L �*�X'(�"���"Lp������51),53**�W2/���S0A20A53**���m��� @ 51!,V"� ��� �W24'��H����) @ �"),!j032 !&��)&6O24�"� �,�"),)&�"!#�H),�4L�!�9T2/'�'��K0*��)�!,��)�0A��!'�),�/'�),51V��HV�!���� � � � 
��#���	� ���C0D9q24�H�I�*!,'�J�K")&��'(�*��)S�I�"!,��),�")I����!j�W24)H2/�\�HV")&5A! ?
�H53, ���"! 5A���HV�),��!,!H24�Q�,�"! � �f53**��)&� � h � � �\h

+ ��!c'�2/)H2/�IK��,),��!r2 �H�I�*!,'�J�V"),53,Q���"! �I�"!,��),V"! !&�*���r'�),5A���"5A'�2/0A�������Q� 	
��� � ������� � �

�#�!����' � � �
� � � � �"�#� � ��
 ����� + 2j�I�"!&��),�+2�0A51�"���"� !&�*���Y2�*/� @ ��)&�,5A�W240�*� 2/� 0A5A�+=.�e�Y2/��!>���"!U),2/5A��!r�k9qV���51!,!,51�*� Hj24=�!,�*)&'��H51�*� 51���H�"��!,�"!>�,�"010A�"! ,Q���
�"��0A0A��!���� *�2 � �W2/)&=.�/��5-,Q��� CO2

�Y2/��![0D9F5A��67),2 ? )&�*�#**�[�HJ��"),�I5-,Q���>8
4, 3µ

���c8
15µ

L��*�n�"�"010A��! ���I0:9q� �%0%**K"���
O2

�Y2/��!e0A�S���/�j2/51���$�I5A�")&�4? �/�����"!>8
60Ghz�*�

120Ghz
h

��� �)'�� � �"���#�%�����	� '��
� � ����
��\h�;U�m�H),2 @ 245A0A01�>2/� @ �*5A!&5A�Y2�*/�U���"! )H245A�"! ��9q2/=�!&�*),' ?�H51�*� H V"�I5A!&!,5A�/� ���B0D9FV"01V"�I�"��� ���*��� �*� �RJ��"),�RJ�� 8 �I�"!,��),�") 0A2 ���"��!,51�,V
����0/�"�����e�*�m01�U'�),� ��0 @ ��)&�H51�W2/0k���e���"��!&51�,V/h d �/��)[���"! V�0AV"�I�"���,! �,),K�!c���"��!&�"!�H��0A! ,Q���U0A2 @ 2/'.����)G��9F�W24� H2O

L��/�P�RJ��*5A!&51� */V"��V�)H2/01�"�I�"���[0A2+�"�*��� **��),24�H51�*�
��� !,�*����2�**� @ �")#�H5A�"2/0 �Y2/��!r0D9F5A��67),2/),�/�#**�>�HJ��"),�I5-,Q��� �O),2/5A�-8 7µ

�G�*� ��2/��! 01�
���*��2/5A��� ��51�")&�4? �*�����"!��7)H2/51�"!e5A���H����!,��! 8 �/s � � � �\� )�5LJ � � � �\h dg�*��) 0A��!V"01V"�I�"���H!o'�),V�!,�"���,!r8 0:9qV\�R24�o��� �,)H2/���/L��*�P�RJ��*51!,51��'�0A�����/�o���"![���*� � */��)H24�,5A�*��!
�����I�"!&��),�P24�%0A51� =.�I'Y2/)-�����"��0l�R24�,5A�*� �Y2/��!+���"!$),2/5A��!+!,'(V"��5 � ,Q����!$�������"!
V"01V"�I�"���H!�h

��� �#�������	� ��� + 2��I�"!&��),�-���"!U�"2/)H2/�\�HV�),5A!#�H53, ���"!>����!U2/V�),�*!&�*0A!r!&�H),24�H�/!,'�J�V�),53, ���"!2C015A��� 2/� 0A51� =.�$'�2/)e�����"��0l�R24�,5A�*� ��9F������V��H�/5A0A�S�*� ��� !&�*0A��5A0:L 2/0A�/),! ,Q���j0A2
����!,��)&� ���$��5 2k��!,5A�/� ���"!e24V"),�/!,�*01!r�H)&�*'(�*!,'�J�V"),53,Q���"!U!&� 6O2/51� �"� @ 5A!&V"�$���$0A2!,��)#6O2/�"�U�,�"),)&�"!#�H),� � � 5-**��)&� � h � � � h

��� ����'#� ���%� � �����	� �\h�;>� �"!#�e�W2/'Y24=�0A� ��� ����!,��)&�")U01� @ �*01���I�+���$'�)&V"��5A'�5l�R24�,5A�*��!��� �������p'(�*��)f'�2/)&�,5A�M0A����)f'�)&� �Y0 @ ��)&�,5A�W240����o),V�'Y2/)&�,51�,5A�*� 'Y2/) )H2/�Y24) ��� @ 5A!,V��'�),� �RJ��e���e032 @ �")#�H5A�"2/0A�4h
] 2/��!M�"�\�,�H�c'Y2/)#�H51�G���I�"�*��)&!"L��*�S),2/'�'(�"0A01�G�"�I'�)&�"�I5A�")`015A���$�������")#�R2/51�I���*� =�)&�

���G'�)&�*'�),51V��,V"! '�J90 !,53,Q���"!M���G0:9T2 �H�I�*!,'�J�K"),�o���*���`0A2 �"�*�I'�)&V"J�����!,51�*�$�"!#�`��V"���"!&!H2/51),�
'.�*��)`�"�*�I'�),������)&�c01�"!M�IV��HJ������/0A�L**51�"! ���o2/0-*/�*),5l�HJ��I�"! ���c�I�"!&��),� ����!o'�2/)H2/�IK��,),��!
24�H�I�*!,'�J�V")&5-,Q���"!�hY;>�P��V��"),5l�[�"��!,��5l�H�>!&���"���"!,!&5 @ �"�I�"��� 01�"!G'�),5A���"5A'(�"!o'�J90 !,5-,Q����! �������!,��)&�U���m'�),� ��0 @ ��)&�H51�W2/0k���>�H����'(V"),24�H��)&�/L����e���"��!&51�,VU���U��532.V")&�"���H! **2 � L���2 
&�4?),51�H2/5A)&�"!G�/�C�I5A���*),5l�R2/51),�"!�L����"!c2/V")&�*!,�/0A![���c����!r'�),V"��5A'�5l�R24�,5A�*��!"h
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bc���[���"!`'�),�*'�)&5AV\�HV"!f'�J90�!&5-,Q����!o!&��) 0326, ���"0A01��)&�"'(�*!,�G0:9T240-**�*)&51�,J����M��9F��� �,)H2/�\�H5A�/�

���X'�),� �Y0 @ ��)&�H51�W2/0o�����H����'(V"),24�H��),����!&� ,Q���P032�'�),��!,!,51�*�B��V"��),� �1� �H)&K"! @ 5l�H�P2 @ ���0:9T2401�H5l�H�����/L�2/0A�*)&! ,Q���e032 �H����'(V"),24�H��)&�U��� @ 2/),51� , ���e6O245A=�01�"�I�"��� 2 @ ���-0:9T2/0l�H5l�H�����4hN��/51� �����P24�,���*!&'�J�K�),��8 0:9qV
,Q��5A015A=�)&�/h + 9T24�#**�I�"���R24�,5A�*� ����'�)&�"!&!,5A�/�
dp
�"���H)&�

���"���C��5 @ �"2/���m��9q2/0l�H51�,����� z
���

z + dz
�"!#�cV;*�2/01�e8

dp = −gρ(z)dz
� � h ) �

2 @ �"� ρ(z)
���"��!&51�HVc���r0D9q2/5A)�L

g
032e�"�/��!&�H2/���H� �k9T2/���"V�0AV"),24�H51�*�I��� 0A2 '(�"!,2/���H�"��)"L�V
*�2/01�

8
9, 81ms−2

�Y�"��2/!,!&5A�I5A0A2/���G0D9q2/51)G8$����*�2 � 'Y2/)#6O2/51�"L��*�C2I2/��!,!&5

p(z) = N(z)kBT (z)
� � h � �

�\�
ρ(z) = N(z)MM0

� � h s �
���

N(z)
�"!#�p0A�[���*�+=�),� ��� �I�*0AV��"��01�"!`'Y24)`����51�,V ��� @ �*01�����4L*��� T (z)

032>�H����'(V"),2 ?
�,��),�M8[0:9T2/0l�H5l�H�����

z
L
kB

0A2G�"�*��!&�R24�Q�,�M��� ���*01� � ��2/����L\V;**2/0A�M8 1, 38 10−23JdegK−1
L

� 0:9q����51�HVr���U��2/!,!&�U24�H�/��53, ���/L V;*�2/01�U8
1, 66 10−27

� *�L��\�
M0

0A�>'(�*5A��!��I�*0AV��"��?
0A2/5A)&�e��� 0D9q2/51)"LYV;**2/0f8 ��. L J �O!,2/��!>��5A�I�"��!&5A�*� � h

MM0

),��'�),V�!,���Q�,�$0A�-'.�*51��!c����0*���
�k9q�����-�I�*0AV��"��01� ��9q2/51)"h
] ��!rV
,Q�Y24�H51�*��! � h ) L � h � L � h s LY�/�m�,5A)&�

dp(z) = −g
MM0

kBT (z)
p(z)

� � h � �

�\�r���*���/LY���m!,��'�'(�*!,2/��� �Y24��![���C'�),����51�")��,�"�I'�!
T (z)

���*��!&�H2/���c���cV;*�240 8
T
L

p(z) = p0e
−

z
H

� � h < �
���

H =
kBT

gMM0

� � h 8 �
��!&�c0D9FV"�RJ��"0A01�U���eJY2/���,�"��) ���e0:9T24�,���/!,'�J�K�),�>�4LY���

p0

032 '�)&�"!&!,5A�/� 24�,���/!,'�J�V�),53, ���e8
0A2 !,��)#6O2/�"� �

z = 0
�\h�E @ ��� T ' 300 �K L H ∼ 8

�Q��h
+ 2e'�),��!,!,51�*�I��V"��),� �1�M���*���[�H)&K"! @ 51�H� �7����'(�*���"���,5A�"010A�������Q� � 2 @ �"�r0D9q2/01�,51�,�����/L �"010A���� @ 2/��� , ���p���"��� ���"���H51K"�I�"! ���`!H2 @ 2/0A����) ���`!&��)&6O2/����8[�����o2401�H5l�H�����f��� sLJ �Q��h ���)&V"!&��01�H24�p���r�RJ�2/�#**�c'Y2/!p�"��'�),���Y2/���G����!o�I� ��K"01�"!M'�0A��! ����!o���r0A2 ��V��")&�*5A!&!H2/�����r���

G )



T (z)
�"�+67�/�����,5A�*� ���

z
h + 9FV @ �*0A���,5A�*� ��� T (z)

'.����� ���H)&�G2/'�'�),� �RJ�V"�o�"�-�"�*��!&5A��V�)H2/���
����� ����51�,V ���>��2/!&!,� �k9T2/51)o�k9T2/0l�H5l�H�����c�"�/��'�)&5A!&� �"���,),�

z
�\�

z + dz
L%,Q��5k�k9qV��RJY2/�#**�

'Y2/![���e�RJY2/01�"��)c2 @ ���-!&�*�m�"� @ 5A)&�*�����������Q� �7J:0 '(�/�HJ�K"!,�+2/��5A2/=Y24�,5-,Q��� � hYN���5 @ 2/��� 0A��!),V"!&��01�H24�H!��"0324!,!,53,Q���"!G���U032 �,J��")&��� �K0 �Y2/�I5-,Q���4L�0A2+�RJY2/01�"��)
δq

,Q��9qV��RJY2/�#*/� 0:9q����51�,V
���e�j2/!&!,�e��9q2/5A)G2 @ �"� !,�*�C�"� @ 5A)&�*�������������r!�9qV��")&51� 	

δq = CV dT + pdV = CpdT − V dp = CpdT + gdz = 0
� � h G �

]>2/��!m�"�\�,�,�n���"),��5AK")&� V;,Q�Y24�,5A�*�kL
Cp

���
CV

!&�*���C0A�"!P�"2/'Y2/��51�,V"!P�W240A�*)&5 � ,Q����!P���
0D9F����51�,Vr���U�j2/!&!,�4L�),��!,'(�"�\�H5 @ �"�I�"���c8 '�)&�"!,!&5A�*�P�\� 8 @ �/0A���I� ���*��!&�H2/���WL��\� � ��!&�[01�
@ �*01�����+���S0D9F����51�,V ���S��2/!,!&�/hg;>�n2m���H5A015A!&V+0D9FV;,Q�Y2 �H5A�/� � � h ) �c���

V = 1/ρ
'(�*��)

'Y2/) @ �"��51)[2/���I�"�+=�),�>��� *�2/���RJ��U���>0D9FV;,Q�Y2 �H5A�/� � � hMG � L���9F� �P0:9q�*���H5A)&� !&5A�I'�0A�������Q�

dT

dz
= − g

Cp

= −9, 81 � K/km
� � h 5 �

]>2/��!e�"�\�,�,�I���"),��5AK")&�S����'�),��!,!&5A�*��L �*�n2P���,5A0A51!,V 0A2 @ 2/0A����)U�Q����V�),53, ��� Cp = 1000�9H � � * � � � h[;>� '�)&V @ �/51�P���/��� ��� �����,�,� ���")&��5AK�),� )&�"032 �H5A�/��,Q��� 032n�H�"�I'(V")H2 �H��)&�
��V"��),� �1�I6O245A=�01�"�I�"���S2 @ ��� 0D9q2/0l�H51�,�����4Lf���C0D9F�*),��),�m��� )�J � � 'Y2/) �Q��hM_`� ),VW240A51�,V/L�"�*�I��� 0A�+���*���,),�+0A2 �f53**��)&� � h s L(032��,�"�I'.V�)H24�,��),�-��V"��),� �1�U�
2.�"�\�H5 @ �"�I�"���e0A51��VW245l?),�"�I�"��� 2 @ �"�U0D9q2/0l�H51�,����� �Y2/��!G0A��!�'�)&�"�I5A�")&! �Q5A01�*�IK��H)&�"!�L���2/5A!o8+���P) 0Q�HJ��I�>�I�*5A��!)H2/'�51���I��� 8 LM< � � '�2/) �Q�Ch d 2/) ���*���H),�j2/��� 2/0l�H51�,������!-'�01��!+V�0A� @ V"��! 0A�I'�)&� �Y0p����H�"�I'(V")H2 �H��)&�p��!&� !,����!,51=�0A�������Q�g'�01��! �"�*�I'�01����� � �f53**��),� � h s � L �j245A! �*� '.�����C, ��2/���
�������$)&���H����5A)e01�$),V"!&��01�H24� ,Q����01�"! @ 2/),5A24�H51�*��!>���S�,�"�I'.V�)H24�,��),�S)&�"!&�,�"��� )&�"0A24�H5 @ �\?�����Q�[6O245A=�01�"![2/�C),�
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'�2/)P)H2/'�'.�*)#��8X0A2
0A�*�#*/���"��)[�k9q�*�����

λ
h

+ �*)&! ,Q���
λ � D

L �*�n�"!#�-��2/��! 0D9q2/'�'�)&� ��51�j24�,5A�*� ��� F 2/0 0A��5-**J�Lk���-032�!,�����,5A�*�
� �I�W2/���-��� ��532.��!,51�*�

σs
@ 2/���

σs =
2

3

π5D6

λ4
| n2 − 1

n2 + 2
| � � h ) < �

+ � �"� � �I�"51�"���[���U��5 2k��!,5A�/�
αs

�"���,)H2/��� �Y2/��!G0D9FV;,Q�Y24�,5A�*�j���>�H),2/��!&67��)&�[)&�"��5A24�H5l6 �"!#�
),�"015AVU8

σs

L�!"9F5A0��k9 0C2 ,Q���e���"!c'Y2/)#�H51�"��01�"![���e��5A2/��K\�H)&�
D
L�'Y24)

αs = Nσs

� � h )�8 �
� �

N
�"!&��0A�c���*� =�),� ��� 'Y2/)#�H51�"��01�"!p��532.��!H24�Q�,�"!G'�2/)o����51�,V ��� @ �*01�����4h�N�5DL �"�*�I�I��/9F�"!&�>0A�+�"2/!>��� **V"��V�)H2/0:L.�/� �"�*��!&5A��K�),� ����� ��51!&�H)&5A=����H5A�/� ��� '�2/)&�,5A�"��0A�"!r�"�*� @ ),2/��������e�"��)&�R245A��� *�24���I�>���e��51������!,51�*��!"L��*�mV"�")&5A),2S'�0A��� �/�

αs =
∫

N ′(D)σs(D)dD
� � h ) G �
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N =
∫

N ′(D)dD
� � h )�5 �

;>� ,Q�Y2/015 �Y��0A�G'�J�V"���*�IK"���[���[��532.��!&5A�*� '�),5A���"5A'�2/0A�������Q� 'Y2/)`01������������5A���Q�M���[��5163?
67��!,5A�/�C�\� 032+67�*�����H51�*�P���U'�J�2/!,�

p(~i, ~e)
h ;>�m��V �Y��51� �"�\�,�,� ���"),��5AK")&�e���U032 ��2/��51K"),�

!&��5 @ 2/���,��	 p(~i, ~e)dΩe/4π
),��'�),V�!,���Q�,�+0A2 '�),�*=�2/=�5A0151�,V ,Q��9F�����e�*�����eV�0A�"�\�H)&�*�j26**��V\?

�,5-,Q���o!,��'�),�*'Y26**�W2/���f5A��5l�H53240A�"�I�"��� �Y24��!f0A2r��51),�"�\�H51�*� ~i ��� !&��=�51!,!H24�Q�f�����G��532.��!,51�*��L!&�*51� ��532.��!,V�� ��2/��! ����2/�#**01�>!,�*015A���
dΩe

24���H�*��)c��� 0A2 ��5A)&�"�\�H5A�/�
~e
h

+ �*)&! ,Q���>0A2e01���I5AK")&� �"!&��'Y2/)#�H5A��0A01�"�I�"���`'(�*032/)&5A!&V"�/L�510 '.����� �\�H)&� ���,5A0A�[��� ��V��Y��5A)
�����+67�*���\�H51�*� ���+'�JY2/!&� '.�/032/)&5A!,V��/h(d �/��)>'Y2/) @ ����5A)U8��"���&�H� ��V �Y��5l�H51�*� �*� ��V"���*�S?'(�*!&�o��9q2/=(�*),� 032[01����51�Y2/����� �"�-0A���I5A��2/���"� �,�/�R240A�"�I�"��� '(�*0324),5A!&V"�

Lp

�\�g0A���I5A�Y24���"�
�,�/�R240A�"�I�"���f��V"'(�*0324),5A!&V"�

Lnp

L/�49q��!&�#? 8 ? ��5A)&�
L = Lp+Lnp

h�;>�$��V��Y��5l�M2/0A�/),!g0A���H2/���
��� '(�*0A2/),51!H24�,5A�*�

q(~i, ~e)
�������*��!,51��V"),2/��� , ���

p(~i, ~e)q(~i, ~e)dΩe

4π

� � h )�. �
)&�"'�)&V"!&�"���H�$0A2�'Y2/)#� ��� 0A���I5A��2/���"�e��5 2k��!,V"� �H�/�H2/0A��������� '(�*0324),5A!&V"�e�Y2/��!>��� 2/�K**0A�
!&�*0A51���

dΩe

2/���,�*��)[���e0A2S��5A),�����,5A�*�
~e
h

�! & � $ � -  � � ;>�^��!&�I�Y2/��!$01���W24��),�P���P0:9T24'�'�),� ��5A��24�,5A�*� F 2/0 0A��5-**JkLf���S�/�B2
���*���

σs(λ) ∼ 1

λ4

� � h ��J �
+ 2j��532.��!,51�*� ��!&�>���*��� ��9q2/���H2/���>'�01��! '���5A!&!H2/���H� , �k9q�*� !"9q2/'�'�)&���RJ��$���"!>���*��0A����),!
=�0A�"���"!G���j!,'(�"���,),�4L��"�/���I� 01�r�I�*���H)&� 032��f5-*/��),� � hM< �O= � h�� 9q��!&� ���r�"�>'�J�V"���*�IK"���
,Q���+'�),� @ 5A���Q�>032����*��01�"��)r=�0A�����+��� ��5A��0 �\�U032I�"�*��01�"��)r),�*�K**�+��� !,�*01�"5A0g�"�/���RJY2/���Wh���/��'��,���H���Q�I���[0D9q2/=�!,�����"�[���[��5A)&�"���,5A�*�+'�),5 @ 510AV
**5AV��o�Y24��!`0A�o!10 !&�,K"�I�/L�032c67�*�����,5A�*����>'�JY2/!&�>���>��V"'(�"��� ,Q���>���>0D9q2/�#**01� ���>��5 2k��!&5A�*�

Θ
L���V �Y��5.�"�*�I�I�r0:9T2/�K**0A�c�"���H)&�

~i
�\�

~e
h ;>� 2S2/01�*),!

p(Θ) =
3

4
(1 + cos2 Θ)

� � h � ) �

q(Θ) = 1 − cos2 Θ
� � h � � �

F �"��2/)1, ���*��! , ��� '.�/��)
Θ = π/2

01�-),2�0/�*�������������>��5 2k��!&V+��!&� �,�/�R240A�"�I�"���c'(�*032 ?
)&5A!&V/h + �"! 67�*���\�H51�*��!

p(Θ)
���

q(Θ)
!,�/�Q�c)&�"'�)&V"!,�����HV"��!>!,��)c0A2	�f5-*/��),� � h ) s h

�! & � $%&  �:�'��&;� � & + 9q2/'�'�),� ��5A��24�H51�*� F 2/0 0A��5-**JX��9F�"!&�j'�0A��! @ V"),5 �YV"�4Lo'���5A!1, ���01�"! 2/V�),�*!&�*0A!e�*���-��� ��5A2/�IK��H)&�$��� � �"�I�$�*)&��),�I��� **)H2/�����"��) �*�n!,��'(V")&5A����)+8m032
01�*�#**���"��)c��9F�*������� @ 5A!,51=�0A�e�*� '�),� �RJ�� 51��67)H2 ? ),�*�K**�/LY0A2���5 2k��!&5A�*�C��� ),2�0/�*�������������!&�*03245A),� !&��) 01�"!C2/V�),�*!&�*0A!C��9FV��R24�Q��� �I�"2/�"� , ��� �Y2/��!���� ���*��2/51��� ���n0A�*�#*/���"��)
�k9q�*����� � h(;U��2S2/0A�/),!

σs(λ) ∼ λ−α � � h �/s �
5/s
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α
LY'Y2/)c��V �Y��51�H51�*�m0A�e�"� � �I��5A�"���r��9FE �#**!#�H) �*� ���"!r2/V�),�*!&�*0A!�LY�"!&� **V���V"),2/0A�������Q�

���*�I'�),51!��"���,),� J �\� � �7'�0A��!�'�),� �RJ��>��� J '.�/��)�01�"! **)&�*!,!&�"!['Y24)&�H51�"��01�"!�L ���*�I���r0A�"!
24V"),�/!,�*01!U�j2/)&51�,5A�I�"!"L.'�0A��!U'�),� �RJ��I��� � '(�*��)U01�"!e'.�\�H5l�H�"!e'Y24)&�H51�"��01�"!�L��"�*�I�I�$0A�"!
24V"),�/!,�*01!r�"2/),=(�*��V�! �\h.;>� '(�"��� @ �/5A)c!,��)c032��f5-*/��),� � hM< �O� � �����+���*��),=(�e�40�'�5-,Q���+���
�,)H2/��!,�I5A!,!&5A�*�m�����+2/���C2/V")&�*!,�/0A!��Y�����,�,�-���*��)&=.� !"9FV"�"2/)&�,�-!&�"��!&5A=�01�"�I�"��� ��� ) �Y2/��!
0A2 ),V;*/5A�*� @ 5A!,51=�0A�P����!,'(�"�\�H)&�/LM'Y2/)#�H5A����0A51K")&�"�I�"���S�Y2/��!I0A�m=�01�"��h + 2 67�*���\�H5A�/�X���'�JY2/!,�-��� 0A�e�R2/���C���+'(�*032/)&5A!,24�H51�*�P�*���>����� 2/010A��)&�U'�0A��!c�"�/��'�01����� ,Q���-'.�/��)r0:9T245A)
���*�I����01���I�*���H),�j032��f53**��),� � h ) � 	 032 67�/�����,5A�*�%���P'�JY2/!&�C��!&�$�,),K"!I2/��5A!,�4�H),�/'.�
�\�S2 �����j'.�*51���H��2 @ 2/���$51��'(�*)&�H2/���H�����$������'.�\�H5l�H�j'(�*51�Q�,�P2/)&),5AK�),� �O0A��! 2/V�),�*!&�*0A!��532.��!,���Q�g��2 
&�*)&51�R245A),���������k01�`)H2/0*�*�����"�I�"��� @ ��),!g0D9q2 @ 2/���"L"��� '.�\�H5l� '.���-��� 2/),)&5AK")&�/L'�)H24�,5-,Q���"�I�"��� 'Y24!c!&��) 0A��![� �/�,V"! � h + 2$67�/�����,5A�*�m���U'�J�2/!,� ��9F�"!&�c'Y24! �,),K�! @ 2/)&532/=�0A�!&��5 @ 2/��� 0A��! �40 '(�"! ��9T24V"),�/!,�*01!"L 2/01�*),! ,Q���p0A�`�R2/��� ���o'(�*0A2/),51!H24�,5A�*�>��!&� 2/!,!&� �o@ 2/)&532/=�0A�� �f5-*/��),� � h ) � �\h

�
������� ��� ��������
��!� � ����� � �����

E @ 2/���P��� '(�*� @ �*5A)�2/�Y2/0 0 !,�")j0A�"!���532.V")&�"���H��!j�H���RJ���53, ���"!P��� !&�*���Y26**�/Lo5A0 �"!#���V"�"��!,!,2/5A)&� ��9FV��H2/=�0A51)`0D9FV;,Q�Y24�,5A�*�I��� �H),2/��!&67��)&�o)H2/��5324�,516.!,��)p032�,Q����0A01�[032e'�0A��'�2/)&�p����!
��V @ ��0A�*'�'.�������Q�,! 240-**�*)&51�,J���53,Q���"!o!,�*��� 67�*����V�!"hN��/51�M���S)H2/0/�*�����������Q�o��� 0A����51�Y2/�����G!,'(�"�\�H)H240A�

L(ν, s)
!&�c��5A5-*/�W2/���`!&��5 @ 2/���p���2 ���P���*���$0D9q2/=�!&�"5A!&!,����!&�S)&�"'(V"),V��P'Y2/) 0A2 @ 2/)&532/=�01� s

Lf�\�$�����j�"�*���RJ��C�����j2 �H5AK�),�
�7'Y2/)e��������'�01�I6O2451�H�$�k9T2/51) 24�H�I�*!,'�J�V")&5-,Q��� � L ��9FV"'Y2/51!,!&�"��)

ds
L !&51�,��V"�I'.��),'(�"����5A�"� ?

0A2/5A)&�"�I�"��� 8$�"�\�r2 ���/h
Er� ��������)e���S032P�"�*���RJ����k9qV�'Y2/5A!&!,����)

ds
L � '�J�V����*�IK"����! 262k�����H2/���+01�$)H2/0*�*� ?

���"�I�"����'(�"� @ �"���[!&� '�)&������5A)&�/L����*��� � !&��!,���"'��,5A=�01�"!����r��51��51�Q���")`01�r),2�0/�*�������������
51���"51���"���"L�'Y2/) 24=�!,�*)&'��H51�*���\� ��532.��!,51�*��L ��� � !&��!,���"'��,5A=�01�"! ��9q2/�#**�I�"���H��)[0A�>),2/0*�*��?
���"�I�"��� 51���"51���"���WLg'Y2/) V"�I5A!&!,51�*� �,J��")&��53, �����\� 'Y2/) 0D9q2/����51�H51�*� ����),2�0/�*�������������
��532.��!,V � @ �*5A) � 5-**��)&� � h ) < � h

� br���e'Y2/)#�H51� dL
���e)H2/0/�*�����������Q�r�"!#�r2/=�!,�/),=(V"�/L

dL = −αa(ν, s)L(ν, s)ds
� � h � � �

� br��� 2/���,),�e'Y2/)#�H51�>�"!#� '(�")&�����e'Y2/)[��5 2k��!,5A�/��L

dL = −αs(ν, s)L(ν, s)ds
� � h � < �

� br���n�H),�/5A!,51K"�I� 'Y2/)&�,5A� ��� )H2/0*�*�����"�I�"��� ��!&� V���51!,�n'Y2/)C032B�"�*���RJ��%�Y2/��!�H�*���,�"!p0A��!o��51),�����H51�*��!�L�5A����0A�Y2/���p�"��0A01�c!&��5 @ 2/��� s
LQ���o�"!&��5A����0A��� '(�*!,5l�H5 @ �"�I�"���

dL = +αa(ν, s)B(ν, s)ds
� � h ��8 �
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� ����� � h ) < � + ��!>��5 2kV�),�"���,!>V"01V"�I�"���H! ,Q��5 �"�*�����*��)&�"��� 8�0D9FV;,Q�Y24�,5A�*����� �H),2/��!#67�")&�
),2/��5A24�H5l6

� br���I, ��24�H)&5AK"�I�C'Y2/)&�,5A�m�"!#�����*��!&�,51�,��V"����� )H2/0/�*�����������Q����532.��!,VC�Y2/��!j032
�"�*���RJ�����9FV"'�2/5A!&!,�"��)

ds
!,��5 @ 24�Q� s

L ���I),2/0*�*�����"�I�"���+'�),� @ ���Y2/��� 2 @ 2/��� ��5163?67��!,51�*�m���U�H�*���,�"! 0A��![��5A)&�"�\�H5A�/��!"L

dL = +αs(ν, s)ds
∫ p(~s′, ~s)

4π
L(~s′)dΩ′

s

� � h � G �
]>24��!r0:9qV
,Q�Y24�H51�*� � � h ��8 � L

B(ν, s)
�"!#� 0A2$67�/�����,5A�*�m���-d`032/����� h(_`0A01�U���-��V"'(�"���

'�2/![���U032-��5A)&�"���,5A�*�
~s
h + 9q����'�),��!,!,51�*�C��9qV���51!,!&5A�*�j�,J��")&��53,Q���U���>0:9qV
, ��24�H51�*� � � h ��8 �

��!&� @ 2/0A2/=�01�p���$'�),51���"51'.�p!,�/��! 032c�"�*����51�,5A�*�!, ���G0A�p��510A51�"�e�"!#�M8 0D9FV;,Q��510A51=�),�`�HJ��"),�I�4?� 0���2/��53,Q���>0A� �W240DLQ��� ,Q��9F�*�m'(�"��� 24!,!,� �"51�")[24�P��510A5A��������� �H����'(V"),24�H��),�
T
hY���\�,�,�

J90 '(�/�HJ�K�!,� �"!#� =�51�"� @ V�),5 �YV"�e�Y2/��!r0A2 '�0A��! */)H2/����� '�2/)&�,5A�U���e0D9q24�,���*!&'�J�K�),�/h
7 �/�H�*��! ,Q���c0A� �"� � �I��5A�"���p��9FV"�I5A!&!,5A�/����� 0:9qV
, ��24�H51�*� � � h ��8 � 2e032U������� @ 2/01�"��)

αa

,Q���I0A�$����������5A���Q�-��9q2/=�!&�*),'��,5A�*� ���S0:9qV
, ��24�H51�*� � � h � � � h ���"��5p��!&� !,51��'�0A�"�I�"���
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��� @ 51),�*�����"�I�"���WLY510����e���*5l�['Y2/! 0m2 @ �*5A)['�)&���������,5A�*�m�*�m����!&�H)&�����,5A�*�C���e)H2/0/�*����� ?�I�"��� 24��!,��5A�P���>0A2-��24�H51K")&� 8 0:9qV
, ��5A0A51=�),�[�,J��")&��� �K0 �Y2/�I5-,Q���r0A� �W2/0:h � 9q��!&�&? 8 ? ��5A),�
,Q��9F�*�����*51��2 @ �*51) dL = 0

���P2/����51�H51�*���Y24�Q�M�,�*���H��!�01�"!�!&�*��)&�"�"!����o'���51�,!����r)H2/0*�/��?
���"�I�"���Wh i 0 !"9F�"��!&��51� ,Q��� ����������5A���Q�m�k9qV���51!,!,51�*� ������9T24=�!,�*)&'��H51�*� ���*5 @ ���Q� �\�H)&�
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∞
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∞
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∞
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LTOA(ν) =
∫

∞

0
ρcB(ν, T (z))k(ν, z)e−τ(ν,z)dz

� � h 8 � �
�/�
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∞

0
ρc(z)W (ν, z)dz
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+ 9FV;,Q�Y24�,5A�*� � � h 8*s �+��V �Y��51�I032 0A����51�Y2/�����P�*=�!,��) @ 2/=�01�m�"�*�I���P0:9q51���HV;*/)H2/01��!,��)I032
@ �")#�H5A�"2/0A�[���c0A2>���"��!,51�,V[��� *�2 � �"�/��!,51��V")&Vc'(�*����V"),V 'Y24)`�����G67�*���\�H51�*� W (z)

,Q��9F�*�
24'�'.��0A01�e8S���*� @ �"2/��67�/�����,5A�*�m���e'(�*5A��!�LY�"�\�,�H�U67�*51!#? �"5�'(�*��) 032$�I�"!&��),�e���e������!,5l�HV/h
�C�*���H),�/��! ,Q���

W (z)
�O�/��LQ���r��2/��51K")&�cV
,Q��5 @ 2/01�"���H�4L�!,�*��01�L*�2/)&51�,J���� � 2 ���j��2 ��5l?�+��� ���n67�*�����H51�*� ��� � L �"� ��5A!#�H51�#**�Y2/���U���"��� �"2/!"L �/'��H53, ���"�I�"���eV"'Y245A! (τ � 1)�\�c�*'��H53,Q���"�I�"��� �I5A�����

(τ � 1)
h

�! &
� " �����	��$%@A$%��� � "C ��&
�

+ �n�W2/!C�*'��,5-,Q���������Q�CV�'Y2/5A!m��!&� ���"01��5U���"!C)H245A�"!
51���H�"��!,�"!m��� 0:9T24�,���/!,'�J�K�),� ,Q��5U���*������5A!,����� 8^����� �H)H24��!,�I5A!&!,5A�/� '�)H24�,5-,Q���������Q�
�Q��010A�4h br�B���")&�H2/5A�B���/� =�),�P�k9q��������'�0A�"!$���C),2/5A��! ���P���m�40 '(�m'.�*��)

H2O
L
CO2

L
CO

L
O3
L
CH4

���,�S�*���eV��HVS��51�HV�!U�Y2/��!e0A2mN��"�\�H5A�/� � h ) h � h�;U�n!,��'�'.�/!,�S�"�n�*���,),�
51�"5 ,Q���j01�"! @ 2/),5A24�H51�*��!U��� B[T (z)]

!&�*���+6O2/51=�0A��!e���!, �k9q�*� �H)H2 @ 2/510A0A�+!,��)-������245A0A���� )H2/51�-��� '�),� �Y0 + �*)&�"��� � 8������+67)&V;,Q���"���"� ν
!,5l�H��V�� 2/!&!,� � 0A�*51� ��� 0A2I67)&V;,Q���"���"�

)�J )



�"�"���,)H2/01� 	 |ν − ν0| � νL

h + ����2 ��5A�+��� ���
W (z)
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∂

∂z
lnW =

1

k

∂k

∂z
+ αa = − 1

H
+ αa = 0

� � h 8 < �
�/9F�"!&�#? 8 ? ��5A)&�/LY2 @ �"� 0D9FV;,Q�Y24�,5A�*� � � h � 8 �\L
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2
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(ν − ν0) � νL
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π
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(ν − ν0)2
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dz
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dp

dz
= − 1
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ν1
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ν2

L
ν3!,24�H51!&6O2/51!H2/��� |ν1 − ν0| ≺ |ν2 − ν0| ≺ |ν3 − ν0|
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ν
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W
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�k9q����'.�\�H51�����*�+=�),�C��� ��V��H�����,�"��)&!P2/��'�032/�X67���"2/0 ������� �Y0l�H)&�"!I�Y2/��! , ���"0-,Q����!
=�2/������! @ 51!,5A=�0A���\��'�),� �RJ��m5A��67),2/),�*�K**�/L ���I�Y2/��!S�����C=�2/�����m�"�����H),V���!&��)S032 ),2/5A���� 8

µ
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������� � h � G � _ ���"�I'�01�$���S�RJY2/�I'n��� @ 24'.����)U��9F�W2/� 24�H�I�*!&'�J�V")&5-,Q��� �I�"!&��),VS'Y24)
�-;U_pN
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LTOA(ν) =

∫

∞

−∞

ρc(x)B(ν, T (x))k(ν, x)dx
� � h G � �

�*�
LTOA(ν) =

∫

∞

h
ρc(x)W (ν, z)dz

� � hMGL< �
2 @ �"� W (ν, z)

��V��Y��5A� 8$���*� @ �W24� �"�/���I�U�����U67�*���\�H51�*�P���e'.�/5A��!�L
W (ν, z) = B(ν, T (z))k(ν, z)g(z)
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LTOA(ν) ∼ B(ν, T (h))
∫

∞

−∞

αa(ν, x)dx ∼ B(ν, T (h))τmax

� � hMGLG �
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T2 ≺ T1
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T2 � T1

�\L �*�n'.����� ��V;**015-**��)U0A�"!
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LSun(ν)
24�,�,V"�Q��V"� 0A�U01�*�#*$���m�H),2 
&���"L

LTOA(ν) ' LSun(ν)
∫

∞

−∞

αa(ν, x)dx = LSunτmax
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Lp��2/��!S032 ��51),�"�\�H51�*�

~s
Lp0:9T24=�!,��5A!,!&�m!,��5 @ 24�Q� ~s
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L

dL(~s)

ds
= −αsL(~s) +

αs

4π

∫

L(~s′)p(~s, ~s′)dΩs′
� � h G . �
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E(θs) =
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∞
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E(θs, λ)dλ
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RH(θs, λ) =
2

π

∫ π

0
dφ
∫ π/2

0
ρ(θs, θv, φ; λ) cos θv sin θvdθv
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RHH(λ) = 2
∫ π/2

0
RH(θs, λ) cos θs sin θsdθs
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R(λ, θs) = (1 − S(λ))RH(λ, θs) + S(λ)RHH(λ)
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A(θs) =

∫ λ2
λ1

R(λ, θs)E(θs, λ)dλ
∫ λ2
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E(θs, λ)dλ
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E(∞, ~s)
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E(z, ~s) = E(∞, ~s)e−
τ(z,~s)
cos θs

� s h � < �
���

θs
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∫ zmax

z
αe(~s)dz

� s h � 8 �

= αe(~s)(zmax − z)
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δ3W (∞, ~v) = δ3W (z, ~v)e−
τ(z,~v)
cos θv
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θv
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~v
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dL(~v) =
δ3W (∞, ~v)

cos θvdSdΩv

� s h < J �

dρTOC(~s, ~v) =
πdL(∞, ~v)

cos θsE(∞, ~s)

� s h < ) �

dρTOC(~s, ~v) =
1

4 cos θs cos θv
p(~s, ~v)αs(~s)e

−( τ(z,~s)
cos θs

+
τ(z,~v)
cos θv

)dz
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ρTOC(~s, ~v) =
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4(cos θs + cos θv)
p(~s, ~v)

αs(~s)

αe(~s)

(

1 − e−( τ(0,~s)
cos θs

+
τ(0,~v)
cos θv

)
)

+ρsole
−( τ(0,~s)

cos θs
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τ(0,~v)
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αe(~s) = Nσ cos θs
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n
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aiϕi(λ)

)(

m
∑

i=1
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∑
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